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Abstract. We develop a proximal sequential nonlinear programming (NLP) method for con-4
strained finite-sum optimization with nonsmooth, nonconvex objective terms. Each nonsmooth sum-5
mand is assumed only to be proper, lower semicontinuous, and prox-bounded, and is accessed through6
a proximal oracle requiring no derivatives or sensitivity information. The method applies Moreau7
envelope regularization separately to each summand, preserving separability while retaining the orig-8
inal smooth nonlinear constraints. We establish consistency of this distributed Moreau continuation:9
as the regularization parameter vanishes, optimal values and global minimizers of the regularized10
problems converge, along subsequences, to those of the original problem. We then propose a con-11
tinuation algorithm whose inner loop solves sequential NLP majorization models. These models12
enforce the smooth constraints exactly and represent the regularized nonsmooth terms by proximal13
oracle subgradient linearizations plus quadratic stabilization, using the upper-C2 property of Moreau14
envelopes; an acceptance-ratio test adaptively updates the stabilization parameter. For fixed regular-15
ization, the cluster points of the inner iteration satisfy the stationarity conditions for the regularized16
problem, and the inner loop terminates finitely for any positive stationarity tolerance. For prescribed17
positive regularization and stationarity tolerances, the full continuation scheme also terminates fi-18
nitely and returns an approximately limiting sum-stationary point with an explicit error bound. As19
the regularization and tolerances vanish, cluster points satisfy first-order limiting stationarity for the20
original nonsmooth problem under standard constraint qualifications and an attentive convergence21
condition, which simplify for locally Lipschitz terms. Finally, we show how the algorithm applies22
when the nonsmooth summands are optimal value functions of parametric optimization problems,23
for which the proximal oracles can be implemented by quadratically stabilized subproblems.24

1. Introduction. We consider optimization problems of the form25

min
x∈Rn

F (x) := f(x) +
∑
i∈K

ri(x),(1.1)26

s.t. h(x) = 0, xℓ ≤ x ≤ xu,(1.2)27

where f : Rn → R and h : Rn → Rm are C2, and each ri : Rn → R is proper, lower28

semicontinuous (lsc), finite-valued, and possibly nonconvex and nonsmooth, for each29

i in a finite index set K. Problems with this structure arise in several applications; in30

particular, our main motivation comes from stochastic programming with recourse and31

security-constrained power system optimization, where the functions ri are optimal32

value functions of parametric optimization problems, as elaborated in Section 5.33

We assume that the functions ri are accessed through an oracle. In many appli-34

cations, evaluating ri(x) already requires solving an optimization subproblem, while35

derivatives of ri with respect to x are unavailable, unreliable, or expensive to com-36

pute. Rather than requiring such sensitivities, we assume access to a proximal oracle,37

namely the value of the Moreau envelope [30] of ri38

(1.3) eλri(x) := inf
z∈Rn

{
ri(z) +

1

2λ
∥z − x∥2

}
,39

together with a proximal point40

wi ∈ proxλri(x) := arg min
z∈Rn

{
ri(z) +

1

2λ
∥z − x∥2

}
, ∀i ∈ K,41
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for λ > 0. When ri is defined through an optimization problem, existing numerical42

machinery can often be adapted to evaluate this oracle with little structural change.43

Our starting point is the observation that the Moreau envelope regularizes each44

nonsmooth term. Under the mild assumption of prox-boundedness, eλri converges45

pointwise to ri as λ ↓ 0 and is locally Lipschitz and upper-C2 for sufficiently small λ.46

This suggests replacing (1.1)–(1.2) by the family of regularized problems47

min
x∈Rn

Fλ(x) := f(x) +
∑
i∈K

eλri(x)(1.4)48

s.t. h(x) = 0 and xℓ ≤ x ≤ xu,(1.5)49

and driving λ ↓ 0 in a continuation scheme.50

For fixed λ, the objective in (1.4) is a sum of a smooth term and upper-C2 terms,51

and is therefore upper-C2. At first sight, this places the fixed-λ problem within52

the scope of the sequential quadratic programming (SQP) framework of Wang and53

Petra [33] for nonsmooth problems with upper-C2 objectives. The present work,54

however, is not a direct application of that framework. In [33], the nonsmooth ob-55

jective (1.4) is treated as an upper-C2 function for which Clarke subgradients are56

assumed to be available; here, we do not assume access to subgradients of either ri or57

eλri. The only information used by the algorithm is a proximal oracle for each ri.58

The use of Moreau envelopes leads to a different stationarity mechanism, which59

ultimately provides limiting/Mordukhovich subgradients stationarity for the original60

problem and is stronger than the Clarke stationarity of [33] even for the regularized61

problems, despite apparently not using subgradients. The key idea is to use proximal62

points wi ∈ proxλri(x), produced by the oracle, to form the vectors63

vi =
1

λ
(x− wi).64

For general lsc ri, the vectors vi may not be limiting subgradients of eλri at x, but:65

(i) satisfy a majorization bound specific to upper-C2 functions; and66

(ii) are limiting subgradients of ri at the nearby proximal point wi.67

The property (ii) is noteworthy and plays an important role in the analysis of the68

algorithm proposed here. The property stems from the use of Moreau envelopes and69

is not present for general upper-C2 functions. We refer to the vectors vi as proximal70

oracle subgradients to emphasize their Moreau envelope origin and to distinguish them71

from proximal subgradients previously used in the literature [30].72

Consequently, property (i) allows us to develop a sequential proximal oracle NLP73

algorithm for the regularized, fixed-λ constrained problems (1.4)–(1.5). The method74

builds convex quadratic stabilized models for the nonsmooth objective term(s) using75

only proximal points and uses an NLP model for step computations. The choice of76

an NLP model instead of an SQP model is made to enforce the smooth constraints77

and objective term exactly, as required in important classes of problems, such as78

power grid optimization, which motivates this work. An acceptance ratio test is79

also devised to adjust the stabilization parameter and obtain a simple descent-type80

of scheme. We prove that the inner, fixed-λ iterations result in cluster points that81

satisfy stationarity conditions for the regularized problem and terminate finitely for82

any positive stationarity tolerance.83

Furthermore, the property (ii) above yields an outer-loop convergence analysis84

for the continuation scheme that carries, as λ ↓ 0, the stationarity certificates for the85

fixed-λ problems to limiting subgradients-based stationarity of the original nonsmooth86
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problem. More specifically, under standard constraint qualifications (CQs) and a87

mild attentive convergence condition—which holds automatically in several important88

cases, including locally Lipschitz ri—we show that every cluster point generated as89

λ ↓ 0 satisfies first-order stationarity conditions for (1.1)–(1.2).90

Applying Moreau regularization separately to individual summands ri preserves91

the finite-sum structure in the regularized problems, allows parallel proximal com-92

putations, and results in single-level decomposition with significant computational93

parallelism. For example, we have previously shown that this single-level decomposi-94

tion is particularly well suited when each ri is the optimal value of a computationally95

expensive optimization subproblem and can scale up to exascale supercomputers [20].96

However, since infimal convolution does not in general commute with summation,97

replacing each ri by eλri is not merely a rewriting of the Moreau envelope of the full98

nonsmooth objective. We show that, under mild assumptions, the regularized prob-99

lems (1.4)–(1.5) are nevertheless consistent with the original problem, in the sense100

that global minimizers of the regularized problems converge, along subsequences, to101

global minimizers of (1.1)–(1.2) as λ ↓ 0.102

1.1. Related work. Our approach is related to proximal point algorithms (PPAs) [4,103

5, 26], but differs in an essential way. Classical PPAs regularize the entire objective104

and would require evaluating the proximal mapping of F , or equivalently solving sub-105

problems involving eλF . In our setting, this would couple all objective terms and106

destroy the separable structure and the parallelization potential of the single-level107

decomposition associated with the nonsmooth part.108

Compared with Douglas-Rachford splitting methods [21, 31, 32, 17] and related al-109

ternating direction method of multipliers schemes [34, 15, 1, 2, 16], the present frame-110

work is designed to work directly with the native structure of (1.1)–(1.2). Splitting111

methods are typically most natural after reformulating the problem into a two-block112

or linearly constrained consensus form, which may require aggregating the nonsmooth113

terms or introducing auxiliary variables and coupling constraints. In contrast, we keep114

the smooth nonlinear constraints explicit and preserve the finite-sum structure.115

The closest broad framework is the constrained composite augmented Lagrangian116

approach of [12], which treats problems with a single nonsmooth composite term and117

general set-membership constraints. The framework of [12] is more general, but it does118

not take advantage of the particular oracle and separability structures that motivate119

this work. Our setting is deliberately more structured: each nonsmooth summand is120

accessed through its proximal oracle, and the original smooth nonlinear constraints121

are retained explicitly rather than absorbed into a reformulated composite constraint,122

which would obscure the term-wise subgradients needed in the continuation analysis.123

The inner-loop sequential NLP approach here is related to nonsmooth SQP and124

gradient-sampling methods; see, for example, [35, 10, 6, 8, 9]. These methods build125

SQP models using sampled gradients or quasi-Newton approximations for locally Lip-126

schitz nonsmooth constrained problems. However, our stationarity analysis relies on127

proximal points and deterministic nearby limiting subgradients rather than on Clarke128

subgradient sampling or penalty-SQP stationarity. Moreover, our setting assumes no129

derivative or sampled-gradient access to the nonsmooth summands.130

1.2. Contributions. The paper’s main contribution is a proximal-oracle se-131

quential NLP algorithm for constrained finite-sum nonsmooth, nonconvex optimiza-132

tion under very general assumptions: each nonsmooth summand need only be proper,133

lsc, and prox-bounded, with no convexity, weak convexity, prox-regularity, or dif-134

ferentiability required. The algorithm uses proximal oracle evaluations rather than135
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sensitivity information and preserves the single-level decomposition of the original136

problem. It provides finite inner-loop termination and stationarity for the regularized137

problems by using the upper-C2 property and proximal oracle subgradients features138

specific to Moreau envelopes. The stationarity certificates from the regularized prob-139

lems are general enough to be carried via an outer continuation analysis and to obtain140

limiting first-order sum-stationarity for the original nonsmooth problem under stan-141

dard CQs and a mild attentive convergence condition. The algorithm applies naturally142

to and is well suited for nonsmooth terms defined by optimal value functions, where143

proximal oracles can be implemented via stabilized subproblems.144

1.3. Organization. The remainder of the paper is organized as follows. Section145

2 reviews the variational analysis tools used throughout, with emphasis on upper-C2146

functions and subdifferential properties of Moreau envelopes. Section 3 establishes147

the well-posedness and consistency of the Moreau envelope continuation approach148

as the regularization parameter tends to zero. Section 4 presents the algorithm and149

analyzes both the fixed-λ inner iterations and the outer continuation scheme. Section150

5 discusses how the framework applies naturally to parametric recourse optimization151

models, with a case study for electric power grids. The focus here is theoretical152

rather than computational, as the present paper establishes the prerequisites needed153

to justify and support future computational developments. Section 6 summarizes154

some of these developments and provides concluding remarks.155

2. Preliminary technical results. Let r : Rn → R, where R := R ∪ {+∞} ∪156

{−∞}, and let x̄ be such r(x̄) ∈ R. A vector v ∈ Rn is in the regular (Fréchet)157

subdifferential [30] (denoted by ∂̂r(x̄)) if r(x) ≥ r(x̄) + ⟨v, x− x̄⟩+ o(∥x− x̄∥).158

Following again [30, Definition 8.2], we define the limiting (also known as Mor-159

dukhovich) subdifferential, denoted by ∂r(x̄). A vector v ∈ Rn is a limiting subgra-160

dient of r at x̄ (written v ∈ ∂f(x̄)) if there exist sequences161

xν →r x̄ and vν ∈ ∂̂r(xν) such that vν → v.162

Here, xν →r x̄ denotes the r-attentive convergence and holds whenever xν → x̄ and163

r(xν)→ r(x̄) [30, Def. 8.2]. The horizon subdifferential is164

∂∞r(x̄) =
{
v∞ : ∃xν →r x̄, tν ↓ 0, and vν ∈ ∂̂r(xν) such that tνvν → v∞,

}
.165

For a closed set C ⊂ Rn, the limiting normal cone is defined as NC(x) := ∂δC(x),166

where δC is the indicator of C, defined as δC(x) = 0 if x ∈ C and +∞ otherwise.167

For a Lipschitz continuous function r we also use Clarke subdifferentials [30, 29, 7]168

defined by169

∂Cr(x) =
{
v ∈ Rn

∣∣ r◦(x; d) ≥ ⟨v, d⟩ for all d ∈ Rn
}
.170

where r◦(x; d) is the directional Clarke derivative along direction d ∈ Rn, defined as171

r◦(x; d) = lim sup
y→x
t↓0

r(y + td)− r(y)

t
.172

The function r is called prox-bounded if there exists some λ > 0 such that eλr(x) >173

−∞ for some x ∈ Rn. The prox-threshold of r is the supremum over all such λ > 0.174

For lsc, proper functions, prox-boundedness is equivalent to the function x 7→ r +175
1
2α∥ · ∥

2 being bounded from below for some α > 0 [30, Exercise 1.24]. We remark176
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that any function bounded from below is prox-bounded (with prox-threshold +∞).177

Also, for every x ∈ Rn, proxλr(x) is nonempty and compact [30, Theorem 1.25] for178

any λ > 0 smaller than the prox-threshold.179

We build on the concept of upper-Ck (k ∈ {1, 2, . . .}) functions in this work.180

Following Rockafellar and Wets [30, Definition 10.29], a real-valued function f on an181

open set O ∈ Rn is upper-Ck if locally r is the minimum of a family of Ck functions182

indexed over a compact set, namely, r(x) = mint∈T ft(x) for all x in a neighborhood183

of x̄ ∈ O, with T compact, ft ∈ Ck, and the values and all partial derivatives up184

to order k depending jointly continuously on (t, x). The minimum of finitely many185

Ck functions is therefore upper-Ck, but may fail to be differentiable. There is no186

distinction for orders k ≥ 2 since upper-C2 implies upper-C∞ [30, Corollary 10.34].187

Some prominent members of the upper-C2 class are squared distance functions to188

closed sets and Moreau envelopes of lsc, proper, prox-bounded functions for sufficiently189

small regularization parameters.190

A useful equivalent characterization of upper-C2 functions is via local difference191

of smooth and finite convex function, namely a function r is upper-C2 if and only if192

locally r = rsm − rco with rco a finite convex function and rsm ∈ C2 [30, Theorem193

10.33]. In fact, one may take rsm = ρ
2∥x∥

2
2 locally [30, Theorem 10.33], which194

is equivalent to r − ρ
2∥ · ∥

2
2 being concave locally. Recently, this property has been195

exploited to devise simplified nonsmooth algorithms for upper-C2 objectives that need196

not maintain bundles, e.g., [33]; we also leverage it here (see quadratic majorization197

Lemma 4.3) to obtain convergence to stationary points of the regularized problems198

(see Proposition 4.5) using proximal oracle subgradients (see Lemma 2.1 below).199

Conversely, a function r is lower-Ck if −r is upper-Ck. Lower-C2 functions enjoy200

better regularity than upper-C2, in particular they are subdifferentially regular (also201

known as lower regular) and, for example, the concepts of regular, limiting, and Clarke202

subdifferentials coincide [30]. On the other hand, the strict inclusion ∂̂ ⊂ ∂ ⊂ ∂C can203

hold for upper-C2 functions in general.204

A salient feature of Moreau envelopes of lsc, proper, and prox-bounded functions,205

not available for general upper-C2 functions, is that their limiting subdifferentials can206

be characterized by means of proximal points as shown by the following lemma.207

Lemma 2.1. Let r : Rn → (−∞,+∞] be proper lsc and prox-bounded, and let208

λ > 0 be below the prox-threshold. We have the following characterizations of limiting209

subdifferentials of the Moreau envelopes at a given x ∈ Rn:210

(i) proxλr(x) ⊂ (I + λ∂r)−1(x);211

(ii) ∂eλr(x) ⊂ 1
λ

(
x− proxλr(x)

)
;212

(iii) For every v ∈ ∂eλr(x) there exists y ∈ proxλr(x) such that v = x−y
λ and213

v ∈ ∂r(y).214

Proof. (i) and (ii) are Examples 10.2 and 10.32 from [30], respectively.215

(iii) Consider v ∈ ∂eλr(x). (ii) implies there exists y ∈ proxλr(x) such that216

v = x−y
λ . Also, (i) indicates that x ∈ y + λ∂r(y), which implies v ∈ ∂r(y) and217

completes the proof.218

Lemma 2.1 (ii) above shows that any (limiting) subgradient v ∈ ∂eλr(x) cor-219

responds to a minimizer y ∈ proxλr(x) of the Moreau envelope optimization prob-220

lem (1.3). However, the converse is not necessarily true as the inclusion in (ii) can be221

strict. Intuitively, this can occur, for example, when proxλr(x) is not a singleton, as222

illustrated by the following example.223

Example 2.2. Consider e 1
2
r(x) = 1

2x
2 − |x| + 1

2 , the Moreau envelope of r(z) =224

5

This manuscript is for review purposes only.



1
2 − z

2 if |z| ≤ 1
2 and r(z) = (|z| − 1)2 if |z| ≥ 1

2 . For this, we observe that225

∂e1/2r(0) = {−1, 1} ⊊ [−1, 1] = 2
(
0− prox1/2r(0)

)
.226

A complication caused by the possibly strict inclusion in (ii) of Lemma 2.1 is that227

minimizers/proximal points y ∈ proxλr(x) of (1.3) do not necessarily provide a sub-228

gradient in ∂eλr(x). In the algorithm proposed in Section 4, we circumvent this229

limitation by using the proximal oracle subgradients v = 1
λ (x− y) instead of the true230

limiting subgradients of ∂eλr at x to solve the Moreau regularized problem for fixed231

λ > 0. Notably, Lemma 2.1 (i) shows that these proximal oracle subgradients are232

limiting subgradients of r at proximal points y ∈ proxλr(x). This fact and the con-233

vergence consistency between proximal points and algorithm iterates (see Lemma 4.8)234

are key ingredients in obtaining (asymptotic) convergence of the algorithm to a lim-235

iting stationary point to the target problem (1.1)–(1.2) without using the limiting236

subgradients of the Moreau envelope approximants from (1.4)–(1.5).237

Remark 2.3. If r is convex, or more generally weakly convex [11], then for λ238

small enough, proxλr is single valued and eλr is C1, so Lemma 2.1 (ii) holds with239

equality. For prox-regular [28] or lower-C2 functions, same conclusion holds locally240

on neighborhoods where the proximal mapping is single-valued [30].241

In the remainder of the paper, we work under the following two assumptions.242

Assumption 2.4. Functions f and h are C2 and functions ri are lsc, finite valued,243

and prox-bounded.244

We remark that prox-boundedness is a general assumption (for example, holds for any245

function bounded from below) and that we do not assume convexity or weak-convexity246

(e.g., lower-C1, lower-C2), prox-regularity, or differentiability of ri.247

Let us define the shorthand248

rλ(x) =
∑
i∈K

eλri(x)249

and denote the feasible set of the master problem (1.1)–(1.2) (also of (1.4)–(1.5)) by250

C := {x ∈ Rn : h(x) = 0, xℓ ≤ x ≤ xu}.251

For simplicity, we assume that the box bounds xℓ and xu are finite so that C is252

compact. A more general assumption would be that the feasible sublevel sets of F253

are compact, but this would introduce considerable additional technical complexity254

without adding much insight.255

Assumption 2.5. The constraint set C is nonempty and compact.256

3. Moreau continuation: well-posedness and consistency. This section is257

concerned with the well-posedness of the continuation and proves that the minimizers258

of the Moreau envelope-regularized problem (1.4)–(1.5) converge, and every cluster259

point is a minimizer of the original problem (1.1)–(1.2) as λ ↓ 0.260

Let us define the extended-real objectives261

G(x) = F (x) + δC(x) and Gλ(x) = Fλ(x) + δC(x).262

Theorem 3.1. Choose λ̄ > 0 below the prox-thresholds of ri, i ∈ K, and consider263

a sequence {λk}k∈N such that λk ↓ 0 and λk < λ̄. Then the following properties hold264

under Assumptions 2.4 and 2.5.265
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(i) {Gλk
} converges pointwise and monotonically to G, Gλk

(x) ↑ G(x) for all x.266

(ii) {Gλk
} epi-converges to G, denoted as Gλk

−→
e
G.267

(iii) Optimal values converge,268

inf
x∈C

Fλk
(x) = inf

x
Gλk

(x)→ inf
x
G(x) = inf

x∈C
F (x).269

(iv) Moreover, for each k, the regularized problem (1.4)–(1.5) admits a global270

minimizer, and the original problem (1.1)–(1.2) admits a global minimizer.271

For any choice of minimizers x(λk) of (1.4)–(1.5), the sequence {x(λk)} is272

bounded and every cluster point x⋆ is a minimizer of (1.1)–(1.2). If x⋆ is the273

unique solution of (1.1)–(1.2), then x(λk)→ x⋆.274

Proof. (i) For x /∈ C, one has Gλk
(x) = G(x) = ∞. For x ∈ C, since ri are275

prox-bounded proper lsc functions, the Moreau envelope satisfies [30, Theorem 1.25]276

eλk
ri(x) ↑ ri(x) as λk ↓ 0,277

which immediately proves Gλk
(x) ↑ G(x).278

(ii) The sequence {Gλk
} is pointwise nondecreasing and each Gλk

is lsc, being the279

sum of a smooth function, upper-C2 functions, and the indicator function of the closed280

set C. The monotone epi-limit equals the pointwise supremum of the lsc functions [30,281

Proposition 7.4(d)], namely, Gλk
−→
e
G.282

(iii) We first remark that the domains of Gλk
are the compact set C for all k283

and hence are uniformly bounded. This ensures that all {Gλk
} are eventually level-284

bounded [30, Exercise 7.32(a)]. Using epi-convergence and eventual level-boundedness,285

[30, Theorem 7.33] implies that inf Gλk
→ inf G, which proves (iii).286

(iv) Since C is compact and Gλk
and G are lsc with effective domain C, the exis-287

tence of minimizers for all regularized problems and for the original problem follows288

from the Weierstrass theorem. Under Assumption 2.5, {x(λk)} is bounded and we289

consider any cluster point x⋆ of it. Theorem 7.33 of [30] also implies that x⋆ is a290

minimizer of G. If argminG is a singleton, then every convergent subsequence has x⋆291

as the cluster point, hence {x(λk)} → x⋆.292

Theorem 3.1 can be viewed as a continuation consistency result, namely, global293

minimizers of the regularized problems converge (along subsequences) to global min-294

imizers of the original problem as λ ↓ 0. A stronger result holds when the Moreau295

envelope is over the whole objective, i.e., one uses eλ(f +
∑

i∈K ri) instead of regu-296

larizing each term ri. Minimizers of the whole-objective regularized problem coincide297

with minimizers of f +
∑

i∈K ri for λ > 0 [30, Example 1.46] under the assumption of298

prox-boundedness. Furthermore, the local minimizers are also preserved under similar299

assumptions as recently proved in [19].300

Remark 3.2. In our setup, with the Moreau envelope distributed inside the min-301

imization, such results involving local minimizers do not necessarily hold in the non-302

convex case as illustrated by the following counterexample. Take f(x) = x3+x4− 1
2x

2,303

r1(x) = 1
2x

2, and K = {1}. Using that eλr1(x) = x2

2(1+λ) , we see that Fλ has three304

stationary points: a global minimizer x1(λ) = 1
8

(
−3−

√
9+25λ
1+λ

)
, a local minimizer305

x2(λ) = 1
8

(
−3 +

√
9+25λ
1+λ

)
, and a local maximizer 0, for any λ > 0. As λ ↓ 0,306

x1(λ) converges to x⋆ = − 3
4 , the global minimizer of F , consistent with Theorem 3.1;307

however, the local minimizer x2(λ) collapses to zero, which is a stationary point of F .308
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4. Proposed algorithm. In this section, we start by describing the continuation309

algorithm, which is summarized in listing Algorithm 4.1. Then, in Sections 4.1 and310

4.2, we analyze its convergence properties for the fixed-λ problems (1.4)–(1.5) and of311

the overall continuation scheme, respectively.312

The continuation strategy consists of using a sequence of regularization param-313

eters λs ↓ 0 and iteratively solving fixed-λ problems (1.4)–(1.5) to approximate sta-314

tionarity. In what follows, for each λs the iterations of the algorithm are denoted by315

x̃k, k = {0, 1, 2, . . .} and referred to as inner iterations. For better readability, the316

iterates corresponding to each λs are denoted as xs and referred to as outer iterates.317

Consider at some fixed λs > 0 the inner iterate x̃k. A new inner iteration x̃k+1 is318

obtained by means of an inexact stationary point x̄k+1 of a NLP model approximation319

of (1.4)–(1.5) in the form320

min
x∈Rn

M(x; x̃k, gk;λs, αk) := f(x) + rλs
(x̃k) + (gk)⊤(x− x̃k) + αk ∥x− x̃k∥2(4.1)321

s.t. h(x) = 0, xℓ ≤ x ≤ xu.(4.2)322

Similar to the SQP approach of Wang and Petra [33] we use a convex quadratic model323

for the nonsmooth objective that uses first-order derivative information gk defined324

below in (4.4) and a quadratic penalty term for step/update stabilization controlled325

by the scalar αk > 0. At variance with the SQP approach, we enforce the smooth326

constraints (4.2) exactly. This is done for practical considerations since it allows327

using off-the-shelf NLP solvers to compute the new iterate, but it also simplifies the328

analysis. We believe that the SQP approach [33] can be revisited and used to replace329

the NLP approach present here at the cost of increased complexity in the analysis and330

implementation since it requires using feasibility restoration to deal with potentially331

inconsistent SQP linearizations of the constraints. In contrast, the sequential NLP332

approach here leaves this complication to the underlying NLP solver.333

We do not require that the candidate x̄k+1 be a local or global minimizer of the334

NLPs (4.1) – (4.2) since this may be unrealistic. Instead, we only require a stationary335

point x̃k+1 of the NLP model that satisfies a weak descent condition336

(4.3) M(x̄k+1; x̃k, gk;λs, αk) ≤M(x̃k; x̃k, gk;λs, αk).337

We remark that there is always a path in C along which the descent condition holds,338

unless x̃k is a stationary point. Indeed, if x̃k is not a critical point of the NLP339

model, then there must exist a direction d in the tangent cone of C to x̃k such that340

d⊤∇M(x̃k) < 0; otherwise, if every tangent direction d satisfies d⊤∇M(x̃k) ≥ 0,341

we would have −∇M(x̃k) ∈ NC(x̃k), meaning x̃k is stationary. Moreover, using342

definition of tangents, there is a path x(β) = x̃k + βd + o(β) ∈ C, β ∈ [0, β̄] such343

that M(x(β); x̃k, gk;λ, α) = M(x̃k; x̃k, gk;λ, α) +βd⊤∇M(x̃k) + o(β) < M(x̃k) for all344

β ∈ [0, β̄] and small enough β̄ > 0. Therefore, the NLP model has a feasible path of345

descent and the descent condition (4.3) is a mild requirement for the underlying NLP346

solver and less intrusive than requiring a minimizer.347

Above, gk encapsulates “derivative“ information, namely,348

(4.4) gk =
∑
i∈K

gki with gki =
1

λs
(x̃k − wk

i ) and wk
i ∈ proxλs

ri(x̃
k).349

We use slightly less regular and more general subgradients than Wang and Petra [33],350

namely, we rely on proximal oracle subgradients gki , which are limiting subgradients351
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at “nearby” points (see Lemma 2.1) and are defined for discontinuous functions, while352

the mentioned previous work employs Clarke subgradients. The proximal oracle sub-353

gradients used in gk above are a subset of the Clarke subgradients of the Moreau354

envelopes in general, see Theorem 4.6 and its proof of Clarke stationarity. The choice355

of proximal oracle subgradients gki s (as opposed to choosing gki more restrictively,356

gki ∈ ∂eλs
ri(x̃

k)) stems from the representations of subdifferentials of Moreau en-357

velopes of general functions satisfying Assumption 2.4, as discussed after Lemma 2.1.358

We use an accept-reject rule based on a majorization-ratio test that updates the359

penalty parameter αk > 0 in the NLP model solved at each iteration. Upon solving360

the NLP model (4.1)–(4.2), we define the predicted and actual reductions at the361

candidate x̄k+1 as362

(4.5)
Predk(x̄k+1) = M(x̃k; x̃k, gk;λ, αk)−M(x̄k+1; x̃k, gk;λ, αk) and

Aredk(x̄k+1) = Fλ(x̃k)− Fλ(x̄k+1).
363

We define the ratio364

ρk =
Aredk(x̄k+1)

Predk(x̄k+1) + σ∥x̄k+1 − x̃k∥2
.365

This is analogous to trust-region acceptance, but specialized to our exact con-366

straints model. The iterate x̃k+1 = x̄k+1 is accepted whenever ρk ≥ ρ̄ with ρ̄ ∈ (0, 1);367

otherwise, the step is rejected and αk increases by a factor of two.368

At each outer iteration s, the inner iterates x̃k of Algorithm 4.1 (steps 5 – 20) aim369

to reach an approximate stationary point for (1.4)–(1.5). Inexactness is controlled by370

the tolerance εs and has the goal to balance inner solve accuracy with the continuation371

error. The stopping criterion of the inner iterates use the lagged stationarity measure372

R̂(x̃k) := ∇f(x̃k) + gk−1 +∇h(x̃k)⊤νk − γk + θk,373

where νk ∈ Rm, γk ≥ 0, and θk ≥ 0 are the KKT multipliers corresponding to the374

optimality conditions (see (4.11)–(4.13) for the exact form) of the model NLPs (4.1)375

– (4.2) under the general MFCQ for C. From these KKT conditions, we remark that376

R̂(x̃k) = −2αk−1(x̃k− x̃k−1), which makes this lagged stationarity both computation-377

ally cheap and practical (since it does not require dual information from the numerical378

solver used for the master problem). Therefore, the inner loop stopping criterion is379

(4.6) ∥R̂(x̃k)∥∞ = 2αk−1∥x̃k − x̃k−1∥∞ ≤ εs.380

Later, in Proposition 4.5 we show that the inner loop reaches (4.6) for εs > 0 in a381

finite number of iterations. Theorem 4.6 analyzes the infinite inner loop (without the382

stopping criterion) and shows that the inner iterates x̃k are bounded and any of their383

accumulation or cluster points x⋆λ are stationary points of (1.4)–(1.5).384

Algorithm 4.1 repeats the sequential NLP steps discussed above for a given se-385

quence λs ↓ 0. It is shown in Theorem 4.11 that under mild conditions the outer386

iterates xs of Algorithm 4.1 are bounded and any of their accumulation points x⋆387

satisfy stationarity conditions388

0 ∈∇f(x⋆) +
∑
i∈K

∂ri(x
⋆) +∇h(x⋆)⊤ν⋆ − γ⋆ + θ⋆,(4.7)389

h(x⋆) = 0, 0 ≤ γ⋆ ⊥ (x⋆ − ℓ) ≥ 0, 0 ≤ θ⋆ ⊥ (u− x⋆) ≥ 0,(4.8)390

for some multipliers ν⋆ ∈ Rm, γ⋆ ≥ 0, and θ⋆ ≥ 0 under MFCQ for the feasible set C.391

The limiting stationarity condition (4.7) targeted here is analogous in form to standard392
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first-order necessary optimality conditions, see, for example, [30]. Consequently, we393

use the following basic CQ (BCQ) specific to non-Lipschitz functions, counterpart of394

the horizon BCQ from [30, Theorem 8.15].395

BCQ for non-Lipschitz objectives. If there exist vi ∈ ∂∞ri(x⋆), i ∈ K, such that396

−
∑

i∈K vi ∈ NC(x⋆), then vi = 0 for all i ∈ K. Under MFCQ, the BCQ is equivalent397

to: if there exist vi ∈ ∂∞ri(x
⋆), i ∈ K, and ν ∈ Rm, γ ≥ 0, and θ ≥ 0 satisfying398

complementarity conditions from (4.8) such that
∑

i∈K vi + ∇h(x⋆)⊤ν − γ + θ = 0,399

then vi = 0 for all i ∈ K.400

Algorithm 4.1 Proximal oracle sequential NLP continuation algorithm

1: Initial point x0 ∈ C and λ0 below the prox-thresholds of all ri; parameters ρ̄ ∈
(0, 1], σ > 0, and α > 0; sequences of tolerances εs ↓ 0 and regularizations λs ↓ 0.

2: s← 0
3: while true do
4: Inner loop initializations: k ← 0, x̃0 ← xs, αk ← max{α, |K|

2λs
}

5: while true do
6: for i ∈ K do
7: Compute wk

i ∈ proxλs
ri(x̃

k) and gki = (x̃k − wk
i )/λs

8: end for
9: gk ←

∑
i∈K g

k
i

10: Compute a stationary point x̄k+1 of M(·; x̃k, gk;λs, αk) from (4.1)–(4.2) sat-
isfying (4.3)

11: Compute ρk(x̄k+1) = Aredk(x̄k+1)/(Predk(x̄k+1)+σ∥x̄k+1−x̃k∥2) using (4.5)
if x̄k+1 ̸= x̃k, otherwise set ρk(x̄k+1) = 1

12: if ρk(x̄k+1) ≥ ρ̄ then
13: x̃k+1 ← x̄k+1, αk+1 ← αk, k ← k + 1 {accept iterate}
14: else
15: x̃k+1 ← x̃k, αk+1 ← 2αk {reject iterate}
16: gk+1 ← gk, gk+1

i ← gki , wk+1
i ← wk

i , i ∈ K, k ← k + 1
17: Return to step 10
18: end if
19: if ∥R̂(x̃k)∥∞ ≤ εs then
20: break {stopping criterion for inner loop}
21: end if
22: end while
23: s← s+ 1, xs ← x̃k, gsi ← gk−1

i , ws
i ← wk−1

i for all i ∈ K
24: end while

BCQ rules out abnormal stationarity conditions and is a prerequisite for nec-401

essary first-order optimality conditions (4.7)–(4.8) to hold for constrained problems402

with nonsmooth and nonconvex objectives. In this respect, it can be viewed as the403

counterpart of KKT conditions, which rule out Fritz-John points with zero objective404

multipliers, in smooth constrained optimization. Geometrically, near x⋆, limiting sub-405

gradients can become arbitrarily large, and their normalized limiting directions belong406

to the horizon subgradients ∂∞ri(x
⋆) (for some i ∈ K). If one such direction exists407

and is opposite to the normal cone of C at some boundary point, or, equivalently,408

cancels out the multiplier terms in the BCQ above, then the constraint boundary409

can absorb this unbounded tilt. In such cases general first-order stationarity condi-410

tions such as [30, Theorem 8.15] may fail at minimizers as shown in Examples 4.1411
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and 4.2. The BCQ excludes exactly this pathology. We remark that the BCQ holds412

automatically for locally Lipschitz functions ri, since ∂∞ri(x
⋆) = {0}.413

Example 4.1. Consider minx{r1(x) := x1/3 | x ≥ 0} with the (global) minimizer414

x⋆ = 0. This problem fails BCQ above since there exists v = 1
3 ∈ ∂

∞r1(0) such that415

v − γ = 0, where 0 ≤ x ⊥ γ ≥ 0. We remark that ∂r1(0) = ∅ and therefore the nec-416

essary first-order stationary conditions (4.7)–(4.8) for f = 0 or ones in [30][Theorem417

8.15]) do not hold at this minimizer.418

Example 4.2. The following example shows that (global) minimizers fail to satisfy419

first-order stationarity when the BCQ does not hold even when the subdifferential is420

nonempty and the feasible set satisfies MFCQ. Consider421

min
x∈R2
{r1(x1, x2) := x21 + x1 +

√
max(x2, 0) | x ∈ C},422

with C := {x ∈ R2 : h(x) := x21 − x2 ≤ 0}. Since r1(x1, x2) = x21 + x1 +
√
x2 ≥ x21 +423

x1+|x1| over x = (x1, x2) ∈ C, we see that x⋆ = (0, 0) is a strict local/global minimizer424

over C. We remark that MFCQ holds at x⋆ and that ∂r1(0, 0) = ∂̂r(0, 0) = {1}×R+.425

BCQ fails at x∗ since 0 ̸= v = (0, 1) ∈ ∂∞r(0, 0) satisfies v + ν(0,−1) = 0426

with 0 ≤ ν ⊥ −h(0, 0) ≥ 0 (for ν = 1). Here we remark that ν is signed since427

h(x) is involved in an inequality constraint and, also, the bound multipliers γ and428

θ are not present. To see that (0, 1) ∈ ∂∞r1(0, 0), take xτ = (0, τ) with τ ↓ 0. As429

xτ → (0, 0), we have r1(xτ ) =
√
τ → 0 and vτ := ∇r(0, τ) = (1, 1

2
√
τ

) ∈ ∂̂r1(xτ ). By430

choosing tτ = 2
√
τ → 0 we obtain tτv

τ = (2
√
τ , 1)→ (0, 1). Then (0, 1) ∈ ∂∞r1(0, 0)431

by definition of horizon subdifferential from Section 2. In fact, one can prove that432

∂∞r1(0, 0) = {0} × R+.433

Even though (0, 0) is a minimizer the stationarity conditions do not hold since434

0 /∈ ∂r1(0, 0) + ν(0,−1) = {1} × R+ + ν(0,−1)435

for any ν such that 0 ≤ ν ⊥ h(0, 0) ≥ 0.436

We use the concept of sum-stationarity using
∑

i∈K ∂ri, which comes naturally437

in our composite objective, instead of ∂(
∑

i∈K ri) commonly used with weakly con-438

vex summands. To the best of our knowledge, no inclusion is guaranteed between439

the two sets in our general setup without additional qualifications. We show in440

Lemma 4.12 that
∑

i∈K ∂ri ⊆ ∂(
∑

i∈K ri) for subdifferentially regular functions, which441

cover weakly convex functions, hence the stationarity conditions used in this work442

characterize the typical limiting stationarity for this class of problems.443

4.1. Inner-loop convergence. We start with a majorization lemma specific to444

upper-C2 functions [33]. Here we provide a stronger version for Moreau envelopes with445

an explicit bound in terms of the regularization λ and proximal oracle subgradients.446

Lemma 4.3. For any λ > 0 below the prox-thresholds of ri(·) and a given x̄, the447

following majorization bound holds: for any ḡi ∈ 1
λ (x̄− proxλri(x̄)), i ∈ K,448

rλ(x) ≤ rλ(x̄) + ⟨ḡ, x− x̄⟩+Qλ∥x− x̄∥2, ∀x, where ḡ =
∑
i∈K

ḡi and Qλ =
|K|
2λ

.449

Proof. Fix i ∈ K and consider ḡi ∈ 1
λ (x̄− proxλri(x̄)), namely, there exists wi ∈450

proxλri(x̄) such that ḡi = 1
λ (x̄ − wi). The optimality of wi with respect to the451

minimization problem defining the Moreau envelope implies eλi
ri(x) ≤ ri(wi)+

1
2λ ||x−452
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wi||2 for all x. Also, for x = x̄ we have eλi
ri(x̄) = ri(wi)+ 1

2λ ||x̄−wi||2. By subtracting453

these two conditions, we obtain after some manipulations of the quadratic terms that454

eλi
ri(x) ≤ eλi

ri(x̄) +
1

2λ
⟨x− x̄+ x̄− wi, x− x̄+ x̄− wi⟩ −

1

2λ
||x̄− wi||2455

= eλi
ri(x̄) + ⟨ 1

λ
(x̄− wi), x− x̄⟩+

1

2λ
∥x− x̄∥2.456

Finally, summing over i ∈ K gives the desired majorization bound.457

The above lemma is the key to proving the convergence of the proposed algorithm.458

First, we use it to prove that the candidate iterates x̄k+1 are eventually accepted.459

Lemma 4.4. Fix an outer iteration s. Then only finitely many inner steps can be460

rejected in Algorithm 4.1. Consequently, the penalty parameters satisfy αk ∈ [α, ᾱs],461

with ᾱs = max{α, 2(Qλ + ρ̄σ)}, for all k greater than some iteration threshold index.462

Proof. We first show that whenever αk becomes larger than Qλ + ρ̄σ, all sub-463

sequent iterations are accepted. Assume that at iterate k, the trial point x̄k+1 is464

computed with αk > Qλ + ρ̄σ. We use the majorization of Lemma (4.3) to write465

Fλ(x̄k+1) = f(x̄k+1) + rλ(x̄k+1) ≤ f(x̄k+1) + rλ(x̃k) + ⟨gk, x̄k+1 − x̃k⟩+466

Qλ∥x̄k+1 − x̃k)∥2 = Mk(x̄k+1; x̃k, gk;λ, αk) + (Qλ − αk)∥x̄k+1 − x̃k)∥2.467

By subtracting the above from Fλ(x̃k) = Mk(x̃k; x̃k, gk;λ, αk) and using our working468

assumption that αk > Qλ + ρ̄σ, we obtain469

Aredk(x̄k+1) ≥ Predk(x̄k+1) + (αk −Qλ)∥x̄k+1 − x̃k)∥2470

> Predk(x̄k+1) + ρ̄σ∥x̄k+1 − x̃k)∥2 ≥ ρ̄(Predk(x̄k+1) + σ∥x̄k+1 − x̃k)∥2),471

with the last inequality due to the algorithmic parameter ρ̄ ≤ 1 and Predk(x̄k+1) ≥ 0.472

Therefore, ρk(x̄k+1) ≥ ρ̄ and x̄k+1 will be accepted in the acceptance test from step 13473

of Algorithm 4.1, namely x̃k+1 = x̄k+1, and, also, αk+1 = αk. Proceeding by induction474

through the next iterations, it should be apparent that all iterations k + j with j ≥ 1475

of Algorithm 4.1 accept x̄k+j and αk+j = αk for all j ≥ 1.476

We remark that the inner loop of Algorithm 4.1 may satisfy the termination477

criteria in step 20 and exit after finite number of iterations without increasing the478

penalty parameters αk above the Qλ+ρ̄σ threshold. In this case, it should be apparent479

that αk ∈ [α,Qλ + ρ̄σ] for all k. If this is not the case, let k0 denote the smallest480

iteration index such that αk0
> Qλ + ρ̄σ. This index must be finite because of the481

geometric increase of penalties αk for the rejected iterates.482

If k0 = 0, then αk0
= max{α,Qλ} ∈ [α,max{α,Qλ}] due to initialization. If483

k0 ≥ 1, then we immediately see that the previous step must have been rejected,484

therefore, αk0−1 = 1
2αk0 < Qλ + ρ̄σ, which implies that αk0 < 2(Qλ + ρ̄σ). Finally,485

we remark that αk0 = αk0+j = . . . < 2(Qλ + ρ̄σ) for all j ≥ 1, as per the first part of486

the proof.487

The expression for ᾱs follows after collecting the lower and upper bounds for αk488

over the above three cases.489

Proposition 4.5. At any outer iteration s, the inner iterates {x̃k} of Algo-490

rithm 4.1 are bounded and491

(i) {Fλ(x̃k} is decreasing monotonically:492

Fλ(x̃k+1)− Fλ(x̃k) ≤ −ρ̄σ∥x̃k+1 − x̃k∥2, ∀k ≥ 0;493
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(ii) the updates ∆k = x̃k+1 − x̃k are square-summable, that is,
∑

k ∥∆k∥2 < ∞,494

and, thus, ∆k → 0;495

(iii) for any tolerance εs > 0, the inner-loop stopping criterion (4.6) is reached in496

a finite number of inner iterations ks.497

Proof. We first remark that the sequence {x̃k} is bounded since it is generated498

by the algorithm in the feasible set C, which is compact by the Assumption 2.5.499

(i) By Lemma 4.4 all iterates k greater than some index k0 are accepted in step 13500

of the algorithm, hence501

Fλ(x̃k)− Fλ(x̃k+1) ≥ ρ̄
(
Predk(x̃k+1) + σ∥x̃k+1 − x̃k∥2

)
≥ ρ̄ σ∥x̃k+1 − x̃k∥2.502

The iterates 0 to k0 also satisfy the monotonicity: the accepted iterates in the form503

above, while the rejected iterates trivially, since x̃k+1 = x̃k.504

(ii) Let us sum over k ∈ [k0, k̄] the inequality from (i):505

ρ̄σ

k̄∑
k=k0

∥∆k∥2 ≤ Fλ(x̃k0)− Fλ(x̃k̄).506

Since f(·) is C2 and the Moreau envelopes defining rλ(·) are upper-C2, hence507

Lipschitz continuous, the function Fλ(·) is continuous. Therefore, boundedness of508

{x̃k} implies that {Fλ(x̃k̄)} is bounded. Taking the limit k̄ → ∞ we obtain that509

ρ̄
∑

k ∥∆k∥2 <∞. This completes the proof of (ii) since ρ̄σ > 0.510

(iii) First observe that ∥R̂(x̃k)∥ = 2αk∥x̃k − x̃k−1∥ ≤ 2ᾱs∥∆k−1∥ by Lemma 4.4.511

Using ∆k → 0 from (ii), stopping criterion (4.6) is going to be met for sufficiently512

large k, so the inner loop terminates after finitely many iterations.513

The convergence behavior of the inner loop (for fixed λ) of Algorithm 4.1 fits514

under a standard subsequence convergence and only requires a standard CQ on the515

feasible set of the target problem. We assume MFCQ.516

Theorem 4.6. Assume MFCQ holds for the feasible set C, in addition to As-517

sumptions 2.4 and 2.5. Fix an outer iteration s and consider the sequence of inner518

iterates {x̃k} generated by the inner loop of of Algorithm 4.1 without the stopping test519

in step 20, i.e., the infinite loop consisting of steps 5–17. Then {x̃k} is bounded and520

all its cluster points x⋆λ satisfy the proximal limiting stationarity conditions521

0 =∇f(x⋆λ) +
∑
i∈K

g⋆λi +∇h(x⋆λ)⊤ν⋆λ − γ⋆λ + θ⋆λ,(4.9)522

h(x⋆λ) = 0, 0 ≤ γ⋆λ ⊥ (x⋆λ − ℓ) ≥ 0, 0 ≤ θ⋆λ ⊥ (u− x⋆λ) ≥ 0.(4.10)523

for some multipliers ν⋆λ ∈ Rm, γ⋆λ ≥ 0, and θ⋆λ ≥ 0 and with g⋆λi = 1
λ (x⋆λ−w⋆λ

i ) ∈524

∂ri(w
⋆λ
i ), where w⋆λ

i ∈ proxλri(x
⋆λ).525

Moreover, x⋆λ also satisfies Clarke stationarity conditions526

0 ∈∇f(x⋆λ) + ∂Crλ(x⋆λ) +∇h(x⋆λ)⊤ν⋆λ − γ⋆λ + θ⋆λ,527

h(x⋆λ) = 0, 0 ≤ γ⋆λ ⊥ (x⋆λ − ℓ) ≥ 0, 0 ≤ θ⋆λ ⊥ (u− x⋆λ) ≥ 0.528

for some multipliers ν⋆λ, γ⋆λ ≥ 0, and θ⋆λ ≥ 0.529

Proof. The boundedness of {x̃k} from Proposition 4.5 shows that cluster points of530

{x̃k} exist. Let x∗λ be an arbitrary such point and, without re-indexing, let x̃k → x∗λ.531
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By Lemma 4.4, x̃k+1 becomes an accepted iterate for large enough k and therefore532

satisfies the KKT conditions for the sequential NLP model (4.1)-(4.2), namely, there533

exist multipliers νk+1, γk+1, and θk+1 such that534

∇f(x̃k+1) + gk + 2αk∆k +∇h(x̃k+1)⊤νk+1 − γk+1 + θk+1 = 0,(4.11)535

h(x̃k+1) = 0,(4.12)536

0 ≤ γk+1 ⊥ (x̃k+1 − ℓ) ≥ 0, 0 ≤ θk+1 ⊥ (u− x̃k+1) ≥ 0.(4.13)537

The main steps of the proof of limiting stationarity equations (4.9)–(4.10) are:538

(a) show the sequence {gk}k is bounded and its cluster points gλ⋆ satisfy gλ⋆ =539 ∑
i∈K g

λ⋆
i with gλ⋆i = 1

λ (xλ⋆ − wλ⋆
i ) ∈ ∂ri(wλ⋆

i ) and wλ⋆
i ∈ proxλri(x

λ⋆), for540

all i ∈ K.541

(b) show the sequences {νk+1}k, {γk+1}k, and {θk+1}k of multipliers are bounded542

as well;543

(c) use (a) and (b) to take the limit k →∞ in the above KKT system to obtain544

the conclusion.545

To prove (a), we first look at each gki term from the expression of gk in steps 7546

and 9 of Algorithm 4.1 (see also (4.4)). We use a well-known proximal behavior,547

namely, if x̃k → xλ⋆ and wk
i ∈ proxλri(x̃

k), then the sequence {wk
i } is bounded and548

its cluster points wλ⋆
i lie in proxλri(x

λ⋆) [30, Proposition 1.25]. Hence the sequence549

of gki = 1
λ (x̃k − wk

i ) is bounded, and so is the sequence of their sum, which is gk.550

Similarly, cluster points satisfy the relationship from (i), with the observation that551

the relationship gλ⋆i ∈ ∂ri(wλ⋆
i ) follows from (i) of Lemma 2.1.552

We prove (b) by contradiction, namely assume there exists an unbounded subse-553

quence (not relabeled) such that tk := ∥(νk, γk, θk)∥ → ∞. Since ∥( νk

tk
, γ

k

tk
, θ

k

tk
)∥ = 1554

for all k, there must exist a cluster point and a subsequence (not relabeled) such that555

556

(4.14)

(
νk

tk
,
γk

tk
,
θk

tk

)
→ (ν̂, γ̂, θ̂) as k →∞ with ∥(ν̂, γ̂, θ̂)∥ = 1.557

Next consider (4.11) rescaled by tk+1, namely558

1

tk+1

(
∇f(x̃k+1) + gk + 2αk∆k

)
+∇h(x̃k+1)⊤

νk+1

tk+1
− γk+1

tk+1
+
θk+1

tk+1
= 0.559

Recall that we work with a convergent (sub)sequence {x̃k+1} → xλ∗, which makes the560

term ∇f(x̃k+1) + gk + 2αk∆k bounded/convergent due to ∇f being continuous (by561

Assumption 2.4), {gk} being bounded (by (i) above), ∆k → 0 (by Proposition 4.5),562

and αk ≤ ᾱs <∞ (by Lemma 4.4). Also∇h(x̃k+1)→ ∇h(xλ⋆) since∇h is continuous563

per Assumption 2.4. We see that by also using (4.14), we can take the limit to obtain564

∇h(xλ⋆)⊤ν̂ − γ̂ + θ̂ = 0.565

Similar continuity arguments can be applied to (4.13) to obtain that566

0 ≤ γ̂ ⊥ (xλ⋆ − ℓ) ≥ 0, 0 ≤ θ̂ ⊥ (u− xλ⋆) ≥ 0.567

By MFCQ, the only multipliers ν̂, γ̂, θ̂ satisfying the above relationships are the trivial568

ones, (ν̂, γ̂, θ̂) = (0, 0, 0), which contradicts (4.14). Therefore, {νk+1}k, {γk+1}k, and569

{θk+1}k are bounded.570
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We now prove (c). First consider any cluster point (νλ⋆, γλ⋆, θλ⋆) of (νk, γk, θk)571

and cluster point gλ⋆ of gk. Since ∆k → 0 by Proposition 4.5, αk ≤ ᾱs ≤ ∞ by572

Lemma 4.4, and ∇f , ∇h, and h are continuous by Assumption 2.4, we take the limit573

over any converging subsequence in (4.11)-(4.13) to obtain (4.9)–(4.10).574

The Clarke stationarity follows from (4.9)–(4.10) since, as we next show,
∑

i∈K g
⋆λ
i ∈575

∂Crλ(x⋆λ). A general characterization [18][Proposition 3.1 and Theorem 3.2] for the576

Clarke subdifferentials of Moreau envelopes eλri(·) is available via convex hulls in-577

volving proximal points, namely,578

∂ Ceλri(x) = co

{
1

λ
(x− w) : w ∈ proxλri(x)

}
.579

Therefore, g⋆λi defined in (4.9)–(4.10) are Clarke subgradients of the Moreau envelopes,580

g⋆λi ∈ ∂Ceλfi(x⋆λ), ∀i ∈ K.581

By Lemma A.1, we have that
∑

i∈K g
⋆λ
i ∈ ∂C

(∑
i∈K eλri(x

⋆λ
)

= ∂Crλ(x⋆λ), which582

concludes the proof.583

Remark 4.7. Clarke stationarity conditions (ii) of Theorem 4.6 are weaker than584

the (limiting) sum-stationarity from (i) since the Clarke subdifferential is the convex585

hull of the limiting subdifferential in our general setup. This is a major improvement586

over our previous algorithm for upper-C2 [33], mainly possible because we exploit587

the additional structure that Moreau envelopes have over general upper-C2 functions,588

namely, the relationships between proximal points (minimizers of the Moreau enve-589

lope) and limiting subdifferentials from Lemma 2.1. In this respect, (4.9)–(4.10) of590

Theorem 4.6 can be viewed as stationarity conditions involving limiting subgradients591

at “nearby” points. More important, they are instrumental in proving the (sub-592

sequence) convergence of the outer iterates in the limit of Moreau parameter λ ↓ 0.593

Clarke stationarity conditions (ii) are too weak to obtain the same convergence result.594

4.2. Outer-loop convergence. In this section we elucidate the convergence595

behavior of the outer loop of Algorithm 4.1. We start with a technical lemma showing596

that proximal points of convergent sequences are also convergent.597

Lemma 4.8. Consider a sequence xs that converges to x⋆ and a sequence λs ↓ 0.598

For any choice of proximal points ws
i ∈ proxλs

ri(x
s), the sequences {ws

i } converge to599

x⋆ for all i ∈ K.600

Proof. The proof is common to all i ∈ K, therefore let r := ri and ws := ws
i . Prox-601

boundedness of r implies that there exists a fixed λ̄ > 0 such that m̄ := eλ̄(x⋆) > −∞.602

We then use the definition (1.3) of the Moreau envelope to write r(ws) ≥ m̄− 1
2λ̄
∥ws−603

x⋆∥2. By the choice of ws ∈ proxλs
r(xs), for λs < λ̄/2, we can write604

(4.15) r(ws) +
1

2λs
∥ws − xs∥2 ≤ r(x⋆) +

1

2λs
∥xs − x⋆∥2.605

The previous two inequalities imply that606

m̄− 1

2λ̄
∥ws − x⋆∥2 +

1

2λs
∥ws − xs∥2 ≤ r(x⋆) +

1

2λs
∥xs − x⋆∥2.607

Now use ∥ws−xs∥2 = ∥(ws−x⋆)− (xs−x⋆)∥2 ≥ 1
2∥w

s−x⋆∥2−∥xs−x⋆∥2 and bring608

the terms involving ∥xs − x⋆∥2 to the left to obtain609

m̄+

(
1

4λs
− 1

2λ̄

)
∥ws − x⋆∥2 ≤ r(x⋆) +

1

λs
∥xs − x⋆∥2.610
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Consequently, ∥ws−x⋆∥2 ≤ 4λ̄
λ̄−2λs

[
λs(r(x

⋆)− m̄) + ∥xs − x⋆∥2
]
, which proves ws →611

x⋆.612

One would expect the function values ri(w
s
i ) → ri(x

⋆) as well; however, this is613

not necessarily the case when ri(·) has a jump discontinuity at x⋆. For example,614

r(x) = 1 for x ̸= 0 and r(0) = 0, the Moreau envelope is eλ(x) = min{1, |x|
2

2λ }; also,615

proxλr(x) = {0} for |x| <
√

2λ, proxλr(x) = {0, x} for |x| =
√

2λ, and proxλr(x) =616

{x} for |x| >
√

2λ. For simplicity, let us work with only one term, K = {1}, and617

set ri(x) = r(x). Assume that Algorithm 4.1 generates xs =
√

2λs and that the618

proximal oracle always returns ws
i =

√
2λs ∈ proxλs

r(x) = {0,
√

2λs}. We observe619

that ri(w
s
i ) → 1 ̸= ri(0), even though ws

i → x⋆ = 0. This pathology has previously620

been recognized in [5], where an attentive convergence condition is used (see their621

assumption (H3)) to prove convergence of their PPA framework, namely the condition622

below.623

Condition 4.9. For convergent sequences xs → x⋆ and corresponding ws
i ∈ proxλs

ri(x
s),624

attentive convergence holds along {ws
i }, namely ri(w

s
i )→ ri(x

⋆), for all i ∈ K.625

This condition is quite general and is satisfied, for example, when the functions626

ri(·) are continuous. It should also be noted that it holds in the lsc case whenever627

the outer iterates xs, as returned by the inner loop of Algorithm 4.1, are exact min-628

imizers of the regularized problem (1.4)–(1.5) as λs ↓ 0. The latter fact is proved in629

Lemma 4.15.630

Given two tolerances ε > 0 and δ > 0, a point x ∈ C is (ε, δ)-approximately sum-631

stationary if there exist points wi, subgradients gi ∈ ∂ri(wi), and a normal vector632

η ∈ NC(x) such that633

||wi − x∥∞ ≤ δ, ∀i ∈ K, and ∥∇f(x) +
∑
i∈K

gi + η∥∞ ≤ ε.634

In words, x ∈ C is (ε, δ)-approximately sum-stationary if it is stationary up to a635

residual norm ε with subgradients sampled at points no further than δ from x.636

Our main and general convergence results are provided by the following proposi-637

tion. In the following, let ks be the number of inner iterations at each outer iteration638

s in Algorithm 4.1. We recall that xs = x̃ks according to our notation convention;639

also, let xs− = x̃ks−1 and ∆s = xs − xs−.640

Proposition 4.10. Consider the iterates sequence {xs} generated by Algorithm 4.1641

under a sequence of regularization parameters λs ↓ 0 and inner-loop tolerances εs ↓ 0.642

Assume that Condition 4.9 holds along subsequences xs → x⋆, that the conditions of643

Theorem 4.6 hold, that BCQ holds at cluster points x⋆, and that Assumptions 2.4644

and 2.5 are satisfied. Then:645

(i) Each outer-loop iterate xs satisfies646

∥∇f(xs) +
∑
i∈K

gsi +∇h(xs)⊤νs − γs + θs∥∞ ≤ εs,647

together with the KKT feasibility xs ∈ C and KKT complementarity condi-648

tions. As a result xs is (εs, δs)-approximately sum-stationary, with649

δs := max
i∈K
∥xs − ws

i ∥∞ ≤
εs
2α

+ λs max
i∈K
∥gsi ∥∞.650

(ii) The sequences {gsi } and {ηs}, where ηs := ∇h(xs)⊤νs−γs +θs, are bounded.651

Consequently, δs ≤ εs
2α + Mgλs with Mg := sups maxi∈K ∥gsi ∥∞ < ∞ and,652

therefore δs ↓ 0.653
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(iii) For any prescribed tolerances λtol > 0 and εtol > 0, Algorithm 4.1 with654

stopping criteria λs ≤ λtol and εs ≤ εtol terminates after finitely many iter-655

ations and returns a point xs̄ that is (εs̄, δs̄)-approximately sum-stationary,656

with δs̄ ≤ εtol
2α +Mgλtol.657

Proof. (i) Fix an outer iteration s. At the terminating inner iteration index ks,658

which is finite per Proposition 4.5, the KKT conditions of the model NLP at this659

iteration (see (4.11)–(4.13)) give660

∇f(xs) +
∑
i∈K

gsi + ηs = −2αks−1(xs − xs−),661

where ηs is the shorthand defined in (ii) above. We also remark that R̂(xs) = ∇f(xs)+662 ∑
i∈K g

s
i + ηs simply by the form of ηs and definition of R̂(xs) (see above (4.6)).663

By the algorithm’s inner loop stopping criterion (4.6) at iteration ks, we have that664

∥R̂(xs)∥∞ ≤ εs, yielding the stationarity inequality from (i). The feasibility and665

complementarity conditions follow directly from the aforementioned KKT conditions666

of the model NLP.667

The inner loop stopping criterion ∥R̂(xs)∥∞ ≤ εs also implies668

∥xs − xs−∥∞ ≤
εs

2αks−1
≤ εs

2α
,669

where the last inequality is due to the lower bound for penalty parameters αk from670

Lemma 4.4.671

On the other hand, since xs− − ws
i = λsg

s
i for all i ∈ K, we can write672

∥xs − ws
i ∥∞ ≤ ∥xs − xs−∥∞ + ∥xs− − ws

i ∥∞ = ∥xs − xs−∥∞ + λs∥gsi ∥∞,673

which proves the (εs, δs)-approximate sum-stationarity of xs.674

(ii) Since {xs} ∈ C, Assumption 2.5 ensures {xs} is bounded. Let675

es = ∇f(xs) +
∑
i∈K

gsi + ηs.676

Suppose by contradiction that the family {gsi }s, i ∈ K and {ηs}s is unbounded677

as λs → 0. Passing to an unbounded subsequence and relabeling if necessary, we may678

assume
∑

i∈K ∥gsi ∥+ ∥ηs∥ → +∞. Define the scaling679

ts =
1

1 +
∑

i∈K ∥gsi ∥+ ∥ηs∥
↓ 0,680

and multiply stationarity identity above by ts to obtain681

ts∇f(xs) +
∑
i∈K

tsg
s
i + tsη

s = tse
s.682

Since xs is bounded and ∇f(·) is continuous, {∇f(xs)} must be bounded, hence683

ts∇f(xs) → 0. Similarly, since ∥es∥∞ = ∥R̂(xs)∥∞ ≤ εs, we must have tse
s → 0.684

Hence,685

(4.16)
∑
i∈K

tsg
s
i + tsη

s → 0.686
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On the other hand, simply by the definition of ts and the unboundedness hypoth-687

esis, we observe that688 ∑
i∈K
∥tsgsi ∥+ ∥tsηs∥ =

∑
i∈K ∥gsi ∥+ ∥ηs∥

1 +
∑

i∈K ∥gsi ∥+ ∥ηs∥
→ 1,689

and, therefore, {(tsgsi )i∈K, tsη
s} has a nonzero cluster point. Passing to a subsequence690

if needed, we obtain691

tsg
s
i → v∞i ∀i ∈ K and tsη

s → η∞,692

with at least one of the v∞i and η∞ being nonzero.693

Consider a convergent subsequence, still not relabeled, such that xs → x⋆. From694

part (i), ∥xs − xs−∥ ≤ εs
2α , hence xs− → x⋆ as well. Lemma 4.8 applied to {xs−}695

implies ws
i → x⋆; also ri(w

s
i ) → ri(x

∗) under the ri-attentive convergence of {ws
i }696

from Condition 4.9.697

We next prove v∞i ∈ ∂∞ri(x⋆). We first pass to regular subgradients required by698

the definition of horizon subdifferentials. Since gsi ∈ ∂ri(ws
i ), definition of the limiting699

subdifferential yields points ŵs
i and ĝsi ∈ ∂̂ri(ŵs

i ) for all s such that700

∥ŵs
i − ws

i ∥ ≤ ts, |ri(ŵs
i )− ri(ws

i | ≤ ts, and ∥ĝsi − gsi ∥ ≤ ts.701

Then ŵs
i → x⋆, ri(ŵ

s
i )→ ri(x

⋆), and702

∥tsĝsi − v∞i ∥ ≤ ts∥ĝsi − gsi ∥+ ∥tsgsi − v∞i ∥ → 0.703

With these regular subgradients, the definition of the horizon subdifferential provides704

v∞i ∈ ∂∞ri(x⋆), ∀i ∈ K.705

Similarly, since each NC(xs) is a cone and ηs ∈ NC(xs), we have tsη
s ∈ NC(xs).706

By outer semicontinuity of the limiting normal cone [30, Proposition 6.6], xs → x⋆707

and tsη
s → η∞ imply η∞ ∈ NC(x⋆). Taking the limit ts ↓ 0 in (4.16), we obtain708 ∑

i∈K v
∞
i +η∞ = 0. BCQ at x⋆ then forces v∞i = 0 for all i and η∞ = 0, contradicting709

that at least one cluster is nonzero. Therefore {gsi } and {ηs}s are bounded.710

(iii) Since λs ↓ 0 and εs ↓ 0, there exists a finite outer index s̄ with λs̄ ≤ λtol711

and εs̄ ≤ εtol. By Proposition 4.5 for all outer iterations s ≤ s̄ the inner iterations712

terminate finitely, therefore xs̄ is reached in a finite number of iterations. The (εs̄, δs̄)-713

approximate stationarity follows from (i) and (ii) above.714

An explicit coupling between inner-loop tolerance εs and regularization λs from715

Proposition 4.10 should be used by a numerical method based on Algorithm 4.1 to716

properly balance accuracy of the inner and outer solves. The key bound is given by717

Proposition 4.10:718

δs ≤
εs
2α

+ λs max
i∈K
∥gsi ∥∞ =

εs
2α

+ max
i∈K
∥xs− − ws

i ∥∞.719

A natural choice is to set εs the same order as the proximal displacement Bs :=720

maxi∈K ∥xs− − ws
i ∥∞. Otherwise, if εs ≪ Bs, the regularized subproblem (1.4)–721

(1.5) is oversolved during the inner iterations; and, if Bs ≪ εs, the overall error is722

dominated by the inner-loop accuracy. A practical, a posteriori rule for the inner-loop723

termination (step 20 in the algorithm) would therefore be724

∥R̂(x̃k)∥∞ ≤ Bmax
i∈K
∥x̃k − wk

i ∥∞ or, equivalently, ∥R̂(x̃k)∥∞ ≤ Bλs max
i∈K
∥gki ∥∞,725

for some prescribed B > 0.726

18

This manuscript is for review purposes only.



Theorem 4.11. Consider Algorithm 4.1 under a sequence of regularizations λs ↓727

0 and inner-loop tolerances εs ↓ 0. Under the same assumptions as in Proposi-728

tion 4.10, any cluster point x⋆ of the bounded sequence {xs} satisfies the sum-stationarity729

conditions (4.7)–(4.8) for the target problem (1.1)–(1.2).730

Proof. The sequence {xs} is bounded since C is compact by Assumption 2.5. We731

take an arbitrary accumulation point x⋆ and a convergent subsequence (not relabeled)732

xs → x⋆. By (ii) of Proposition 4.10, we can take subsequences, not relabeled, such733

that734

gsi → g⋆i , ∀i ∈ K, and ηs → η⋆.735

Possibly after a relabeling, for xs → x⋆ we have ∇f(xs) → ∇f(x⋆) by continuity of736

∇f given by Assumption 2.4. Also by closedness of normal cones η⋆ ∈ NC(x⋆).737

Using a similar argument as in the proof of (ii) of Proposition 4.10, one can prove738

that xs− → x⋆ as well. Lemma 4.8 applied to the sequence {xs−} implies ws
i → x⋆.739

Since gsi ∈ ∂ri(w
s
i ) and gsi → g⋆i , under the ri-attentive convergence of {ws

i } from740

Condition 4.9, we must have g⋆i ∈ ∂ri(x⋆) for each i ∈ K, by the outer semicontinuity741

of limiting subdifferential [30, Proposition 8.7].742

With the above convergence properties, we can take the limit of the stationarity743

condition from (i) of Proposition 4.10 to obtain744

∇f(x⋆) +
∑
i∈K

g⋆i + η⋆ = 0, with g⋆i ∈ ∂ri(x⋆) and η⋆ ∈ NC(x⋆).745

Under the MFCQ for the feasible set C of the master problem (see Theorem 4.6),746

η⋆ ∈ NC(x⋆) has the representation η⋆ = ∇h(x⋆)⊤ν⋆ − γ⋆ + θ⋆ with the multipliers747

ν⋆, γ⋆, and θ⋆ satisfying sign/complementarity conditions from (4.8). Finally, the748

stationarity equation above implies the stationarity condition (4.7), which completes749

the proof.750

A sharper iteration-complexity analysis via Kurdyka– Lojasiewicz (KL) assump-751

tion and arguments is not immediate in our framework, since our stationarity measure752

is based on proximal oracle subgradients, whereas the standard KL machinery is typ-753

ically formulated in terms of the limiting subdifferential and its associated slope.754

Relating these two notions in a way that yields clean rate complexity estimates would755

very likely require additional regularity assumptions, so we defer such a KL-based756

analysis to future work.757

4.3. Stronger convergence guarantees under additional regularity. For758

several classes of objective functions ri covered by Assumption 2.4, including lower-759

C1, lower-C2, and (lsc) convex functions, the sum-stationarity obtained above can be760

strengthened to the more familiar limiting subgradient stationarity. Moreover, the761

convergence prerequisites from the previous section hold automatically for broader762

classes of nonsmooth objectives, including locally Lipschitz functions (which encom-763

pass all of the aforementioned classes) and semismooth functions.764

Lemma 4.12. If the functions ri satisfying Assumption 2.4 are also subdifferen-765

tially regular in the sense of Rockafellar and Wets [30, Definition 7.25] (also known766

as lower regular [24]), the sum-stationarity condition (4.7) from Theorem 4.11 takes767

the more commonly used form768

0 ∈ ∇f(x⋆) + ∂

(∑
i∈K

ri(x
⋆)

)
+∇h(x⋆)⊤ν⋆ − γ⋆ + θ⋆.769
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Proof. The stationarity condition follows from770

∑
i∈K

∂ri(x
⋆) =

∑
i∈K

∂̂ri(x
⋆) ⊆ ∂̂

(∑
i∈K

ri(x
⋆)

)
⊆ ∂

(∑
i∈K

ri(x
⋆)

)
,771

where the first inclusion is given by the sum rule for regular subgradients [30, Corollary772

10.9], the second inclusion is due to the regular subdifferential being a subset of the773

limiting subdiferential, and the equality is due to ri being subdifferentially regular.774

We remark that if ri are also locally Lipschitz, then the horizon qualification from775

Corollary 10.9 of [30] implies the stronger relationship
∑

i∈K ∂ri(x
⋆) = ∂

(∑
i∈K ri(x

⋆)
)
.776

Under the Lipschitzian property for objective terms ri, the conditions needed for777

the finite termination and subsequence convergence of Proposition 4.10 and Theo-778

rem 4.11 can be considerably relaxed, as shown in the following proposition.779

Proposition 4.13. If the functions ri are locally Lipschitz, the finite convergence780

properties of Proposition 4.10 and the asymptotic convergence of Theorem 4.11 hold781

only under Assumptions 2.4 and 2.5 and MFCQ of Theorem 4.6 since Condition 4.9782

and BCQ hold automatically.783

Proof. The proof is immediate once we observe that (i) ∂∞ri(x̄) = {0} by local784

Lipschitz continuity [25], hence BCQ is satisfied, and (ii) Condition 4.9 also holds due785

to continuity of ri.786

Remark 4.14. Proposition 4.13 applies to semismooth functions [22], lower-C1,787

lower-C2, and (lsc) convex functions, which are locally Lipschitz.788

The following lemma shows that Condition 4.9 holds for the general case (ri789

only satisfy Assumption 2.4 and are possibly discontinuous) if the inner iterations790

of Algorithm 4.1 finish with (approximate) minimizers xs of the inner, fixed-λ prob-791

lem (1.4)–(1.5) instead of (approximate) stationary points (in the sense of (i) of Propo-792

sition 4.10). This occurs, for example, when the feasible set C and the objective f in793

the master problem are convex and it may also occur as well when a global numerical794

solver is used for the inner problem.795

Lemma 4.15. Consider Algorithm 4.1 under a sequence of regularization param-796

eters λs ↓ 0. Suppose that, for each outer iteration s, the inner loop terminates after797

a finite number ks of inner iterations and returns the outer iterate xs := x̃ks ∈ C,798

satisfying799

Fλs
(xs) ≤ inf{Fλs

(x) : x ∈ C}+ τs,800

for some sequence τs ↓ 0. Let xs → x⋆ be a convergent subsequence of such outer801

iterates. Then Condition 4.9 holds along this subsequence.802

Proof. Let ws
i ∈ proxλs

ri(x
s) and define803

tsi :=
1

2λs
∥xs − ws

i ∥2 ≥ 0.804

From the choice of ws
i , we have eλs

ri(x
s) = ri(w

s
i ) + tsi , and therefore Fλs

(xs) =805

f(xs) +
∑

i∈K

(
ri(w

s
i ) + tsi

)
.806

Since x⋆ ∈ C and xs is τs-suboptimal for Fλs over C,807

Fλs
(xs) ≤ inf{Fλs

(x) : x ∈ C}+ τs ≤ Fλs
(x⋆) + τs.808
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Also, eλs
ri(x

⋆) ≤ ri(x
⋆) by the monotonicity of the Moreau envelope (see Theo-809

rem 3.1), hence810

f(xs) +
∑
i∈K

(
ri(w

s
i ) + tsi

)
≤ f(x⋆) +

∑
i∈K

ri(x
⋆) + τs.811

Since f is continuous, xs → x⋆, and τs → 0, we obtain812

(4.17) lim sup
s→∞

∑
i∈K

(
ri(w

s
i ) + tsi

)
≤
∑
i∈K

ri(x
⋆).813

On the other hand, Lemma 4.8 gives ws
i → x⋆, and lower semicontinuity of ri implies814

ri(x
⋆) ≤ lim inf

s→∞
ri(w

s
i ), ∀i ∈ K.815

Summing over i ∈ K and using tsi ≥ 0, we get816 ∑
i∈K

ri(x
⋆) ≤

∑
i∈K

lim inf
s→∞

ri(w
s
i ) ≤ lim inf

s→∞

∑
i∈K

ri(w
s
i ) ≤ lim inf

s→∞

∑
i∈K

(
ri(w

s
i ) + tsi

)
,817

where the second inequality uses properties of lim inf (i.e., Fatou’s Lemma). Combin-818

ing this with (4.17) yields819

lim
s→∞

∑
i∈K

(
ri(w

s
i ) + tsi

)
=
∑
i∈K

ri(x
⋆).820

Finally, for each i ∈ K, the lower semicontinuity of ri, nonnegativity of tsi , and821

ws
i → x⋆ imply822

lim inf
s→∞

(
ri(w

s
i ) + tsi

)
≥ lim inf

s→∞
ri(w

s
i ) ≥ ri(x⋆).823

The last two relations imply ri(w
s
i ) + tsi → ri(x

⋆), ∀i ∈ K. This and ws
i → x⋆ imply824

0 ≤ lim sup
s→∞

tsi = lim sup
s→∞

[ri(w
s
i ) + tsi − ri(ws

i )] ≤ lim sup
s→∞

[ri(w
s) + tsi ]− lim inf

s→∞
ri(w

s
i )825

= ri(x
⋆)− lim inf

s→∞
ri(w

s
i ) ≤ 0,826

therefore tsi → 0 and, consequently, ri(w
s
i )→ ri(x

⋆), proving Condition 4.9.827

5. A case study in parametric optimization with applications to elec-828

trical power grids. As mentioned in the introduction, a main motivation for the829

present framework comes from optimization models in which the nonsmooth terms ri830

are scenario-wise optimal value functions. A representative form is831

(5.1)
ri(x) := min

y1,y2

ci(y1, y2)

s.t. x−∆i ≤ y1 ≤ x+ ∆i, yℓ ≤ y2 ≤ yu, hi(y1, y2) = 0,
832

where x denotes the master decision, y1 collects scenario variables constrained to re-833

main close to x, y2 collects scenario-local state variables, ∆i > 0 prescribes admissible834

post-scenario deviations, and i ∈ K indexes scenarios, e.g., system contingencies or835

uncertainty realizations. We use this bound-coupling form only for notational sim-836

plicity. The same discussion applies when x also enters the objective or the general837

constraints of the scenario problem.838
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This is precisely the setting in which Algorithm 4.1 is useful. In many applications,839

evaluating ri(x) already requires solving a large NLP. The main difficulty is therefore840

not the function evaluation itself, but obtaining reliable first-order information for the841

value function ri. Even when the scenario data are C2, the marginal function ri is,842

in general, only lsc [30]. Under additional constraint qualifications such as MFCQ, it843

becomes locally Lipschitz [13, 14]. However, even under MFCQ, both Clarke and lim-844

iting subdifferentials may fail to admit multiplier-based representations in degenerate845

or unstable nonconvex cases, see for example, Example 1 in [13] and Theorem 4 in [23],846

respectively. Algorithm 4.1 avoids differentiating through the scenario NLP (5.1). In-847

stead of relying on potentially numerically unavailable subgradients, it requires only848

a proximal point of ri, which can be obtained by solving essentially the same scenario849

problem with an additional convex quadratic term. Concretely, one needs to solve850

(5.2)
eλri(x) = min

y1,y2,w
ci(y1, y2) +

1

2λ
∥w − x∥2

s.t. w −∆i ≤ y1 ≤ w + ∆i, yℓ ≤ y2 ≤ yu, hi(y1, y2) = 0,

851

and any minimizer wλ
i yields a proximal oracle subgradient gλi = 1

λ (x − wλ
i ). Thus,852

once a solver for the scenario NLP is available, the oracle required by Algorithm 4.1853

can often be implemented with minimal structural changes, without differentiating854

through KKT multipliers or relying on sensitivity routines.855

This viewpoint is particularly natural for preventive security-constrained optimal856

power flow models (SC-OPF) and related stochastic programming models relevant in857

power dispatch operations under stochastic renewable generation, loads, and operat-858

ing conditions [3]. The master variable x represents base-case power dispatch and859

control settings. Each scenario i ∈ K corresponds to an N − 1 contingency, such as860

the loss of a generator, line, or transformer. For fixed x, the scenario subproblem (5.1)861

computes a post-contingency operating point subject to power flow equations, nodal862

active/reactive balance, generator capability limits, emergency voltage and thermal863

limits, and contingency transition rules that describe the post-contingency response864

and grid state via the constraints in (5.1). The scenario objective ci is often con-865

vex, as it captures quadratic penalties associated with the post-contingency response.866

The NLP (5.1) is generally convex for direct-current (DC) OPF but nonconvex for867

alternating-current (AC) OPF. For DC models, computing numerical proximal sub-868

gradients with local optimizers applied to the proximal problem (5.2) is therefore869

straightforward; for AC models, nonconvexity can be problematic. In our extensive870

computational experience with scenario AC NLPs (5.1), local interior-point solvers871

consistently return high-quality solutions that are stable across a range of initial-872

izations. Since the proximal NLP (5.2) preserves the same scenario structure while873

adding convex quadratic regularization, this evidence suggests that such solvers are874

capable of recovering minimizers relevant to the Moreau envelope, and thereby provide875

valid proximal oracle points and subgradients. A systematic numerical investigation876

is deferred to future work.877

Algorithm 4.1 matches the operational structure of grid models in several ways.878

First, the master constraints (1.2) are enforced exactly, so every accepted iterate is a879

feasible base-case operating point. This is especially attractive in real-time grid oper-880

ations, which are subject to stringent time-to-solution requirements, where preserving881

feasibility and security is often more important than aggressively pursuing marginal882

cost decreases. Second, the proximal oracles are scenario-separable since for a given x,883

each eλri can be evaluated independently, resulting in a computational pattern with884
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exceptional parallel efficiency at large scale [20]. Third, the method returns first-order885

information in a form that is immediately usable by the master algorithm, namely the886

proximal oracle subgradients gλi , without requiring the delicate post-processing of dual887

information from the inner NLP solves. In [27] we successfully employed derivative-888

free convex proximal stabilizations for ri, constructed using power systems engineering889

insight, to address the pervasive difficulties associated with derivative evaluations of890

ri. This strategy, however, entails a loss of robustness and limits the method’s appli-891

cability to other classes of optimization problems. In this sense, Algorithm 4.1 turns892

the proximal stabilization intuition behind decomposition-based SC-OPF heuristics893

from [27] into a principled continuation method with explicit stationarity guarantees.894

The general regularity assumptions and results of Section 4 apply in this setting.895

In addition to being lsc, the value functions ri are proper and finite-valued whenever896

the scenario problems are feasible for all relevant x; furthermore, since the scenario897

objective ci from (5.1) is generally bounded from below, ri is also prox-bounded and898

therefore falls under Assumption 2.4. When MFCQ holds for the scenario NLP (5.1),899

ri is locally Lipschitz [14], so the stronger Proposition 4.13 applies (since Condition 4.9900

and BCQ hold automatically). Thus, the parametric NLP setting provides a concrete901

class of problems compatible with the convergence guarantees presented above.902

6. Conclusions and future work. We introduced a proximal oracle sequential903

NLP framework for nonsmooth constrained optimization problems in which the non-904

smooth objective is a finite sum of proper lower semicontinuous nonconvex terms ac-905

cessed through proximal oracles. The method applies Moreau regularization termwise906

to preserve rich decomposition properties of the original problem and builds exact-907

constraint NLP models from the proximal points wi ∈ proxλ ri(x) and the associated908

proximal oracle subgradients (x − wi)/λ. This construction avoids differentiating909

through scenario subproblems and does not rely on multiplier sensitivity calcula-910

tions. We proved consistency of the distributed Moreau-envelope continuation at the911

level of global minimizers. For fixed λ, the inner sequential NLP iteration has clus-912

ter points satisfying proximal limiting stationarity and Clarke stationarity for the913

regularized problem. Along the outer continuation, cluster points satisfy first-order914

sum-stationarity for the original problem under the stated attentive-convergence and915

CQ assumptions; when the terms ri are locally Lipschitz, these additional conver-916

gence prerequisites hold automatically. The iterative algorithm terminates finitely917

for prescribed positive regularization and stationarity tolerances with an explicit er-918

ror bound. We also show how the required proximal oracles can be computed with919

minimal modifications of the scenario NLP for the cases when ri are optimal value920

functions of parametric problems.921

Several directions remain for future work. A primary direction is the development922

of a robust implementation of the proposed algorithm, including treatment of inexact923

proximal oracles, adaptive choices of regularization and inner-loop tolerances, and924

safeguards for nonconvex NLP oracles when solved by local numerical solvers. Such an925

implementation would enable systematic numerical evaluation on large-scale problems926

and would clarify the tradeoffs among the various algorithmic and computational927

choices that affect scalability, robustness, and applicability. Further work will also928

investigate sharper complexity guarantees, for example under a KL assumption. This929

would require relating the proximal oracle subgradient stationarity used here to a930

limiting subdifferential slope [5], possibly under additional structure such as prox-931

regularity [28] or a KL property [4, 5].932
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Appendix A. Sum rule for Clarke subdifferentials. The following lemma936

establishes that the Clarke subdifferential satisfies the exact sum rule for upper-C2937

functions. We include a proof because we were not able to find it established previously938

in the literature.939

Lemma A.1. Let g1, g2 : Rn → R be upper-C2 in a neighborhood of x. Then940

∂C(g1 + g2)(x) = ∂Cg1(x) + ∂Cg2(x).941

Proof. Since g1 and g2 are upper-C2 near x, by the local representation theorem942

for upper-C2 functions [30, Theorem 10.33], there exist a neighborhood U of x, C2943

functions ϕi : U → R, and convex functions qi : U → R such that gi = ϕi − qi on U ,944

i = {1, 2}. Therefore g1 + g2 = (ϕ1 +ϕ2)− (q1 + q2) on U , with ϕ1 +ϕ2 being C2 and945

q1 + q2 being convex.946

For any proper convex function q, the Clarke subdifferential coincides with the947

convex subdifferential [7], that is, ∂Cq(x) = ∂q(x). Moreover, for a C1 function ϕ948

and a locally Lipschitz function ψ, the Clarke sum rule [7] gives ∂C(ϕ + ψ)(x) =949

∇ϕ(x) + ∂Cψ(x). Applying this with ψ = −q and using ∂C(−q)(x) = −∂Cq(x), we950

obtain ∂C(ϕ− q)(x) = ∇ϕ(x)− ∂q(x). Therefore,951

∂C(g1 + g2)(x) = ∇(ϕ1 + ϕ2)(x)− ∂(q1 + q2)(x).952

Since q1 and q2 are convex and finite on U , the convex subdifferential sum rule [30]953

yields ∂(q1 + q2)(x) = ∂q1(x) + ∂q2(x). Consequently,954

∂C(g1 + g2)(x) = ∇ϕ1(x) +∇ϕ2(x)−
(
∂q1(x) + ∂q2(x)

)
955

=
(
∇ϕ1(x)− ∂q1(x)

)
+
(
∇ϕ2(x)− ∂q2(x)

)
= ∂Cg1(x) + ∂Cg2(x).956

This proves the result.957
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